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A MEAN ERGODIC THEOREM IN VON-NEUMANN
ALGEBRAS
ANILESH MOHARI
Abstract
We explore a duality between von-Neumann’s mean ergodic theorem in von-Neumann algebra and
Birkhoff’s mean ergodic theorem in the pre-dual Banach space of von-Neumann algebras. Besides
improving known mean ergodic theorems on von-Neumann algebras, we prove Birkhoff’s mean
ergodic theorem for any locally compact second countable amenable group action on the pre-dual
Banach space.
1. Introduction:
Let H be a complex Hilbert space with inner product < ., . > assumed to be
conjugate linear in the first variable and B(H) be the set of bounded operators on
H. A ∗-sub-algebra M of B(H) is called von-Neumann algebra if M is closed in
weak∗ topology on B(H) [Tak]. A triplet (M, τ, φ) is called quantum dynamical
system where M is a von-Neumann algebra and τ is an unital completely positive
map [St] with a faithful normal invariant state φ.
Let (M, τ, φ) be a quantum dynamical system. It is quite some time now that
it is known [La,Fr] that
(1) sn(x) =
1
n
∑
1≤k≤n
τn(x)→ E(x)
as n→∞ in weak∗ topology i.e. σ−weak operator topology i.e. for each ψ ∈ M∗
ψ(sn(x)) → ψ(E(x)) for all x ∈ M as n → ∞. Given a sequence of weakly
convergent normal states ψn on M, the sequence need not be strongly convergent
i.e. need not be Cauchy in Banach space norm of M∗. Such a statement however
true if M is a type-I von-Neumann algebra with center completely atomic. In
other situation it is known to be false [De]. Thus the general theory no way ensures
Birkhoff theorem which says that
(2) ||ψ ◦ sn − ψ ◦ E|| → 0
as n → ∞ for all element ψ ∈ M∗. At this point we note one interesting point
that (2) is valid for all ψ ∈ M∗ if (2) is valid for a dense subset of M∗ in the
Banach space norm. For a proof one can use standard 3ǫ argument as the maps
||sn − E|| ≤ 2 for all n ≥ 1. A Proof for (2) appears first in E.C. Lance’s paper
when τ is an ∗-automorphism. Preceding A. Frigerio’s work [Fr], B. Kummerer [Ku]
developed a general theory which includes a proof for (2) however assuming (1).
For more detail account we refer to monograph [Kr]. Note that sn is a sequence of
unital completely positive map. Our strategy is to develop a general theory valid
for a sequence of unital completely positive maps on M which we now describe
below:
...
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Here our argument is fairly general which uses faithfulness of the normal state φ
to identifyM with it’s standard form [BR] (Hφ, πφ(M),Pφ,Jφ,∆φ, ζφ) associated
with φ, where Hφ is the GNS space associated with φ, ∆φ,Jφ are Tomita’s modular
operators associated with the closable anti-linear map S0 : πφ(x)ζφ → πφ(x
∗)ζφ
with polar decomposition S0 = Jφ∆
1
2
φ and Pφ is Araki’s pointed positive cone
given by the closer of {πφ(x)Jφπφ(x)Jφζφ : x ∈ M} in Hφ. Tomita’s theorem
says that modular group σt(x) = ∆
itx∆−it, x ∈ B(Hφ) preserves πφ(M), ( so it’s
commutant πφ(M)
′ = {y ∈ B(Hφ) : yx = xy} ) and Jφπφ(M)Jφ = πφ(M)
′. In
the following we will use symbol x for πφ(x) for simplicity of notation.
Let M+ be be the non-negative elements in M. A map τ : M →M is called
positive if τ(M+) ⊆M+. We also set
P
1
2
φ (M) = {τ :M→M, φτ ≤ φ, τ(1) ≤ 1, positive map and
φ(τ(x∗)τ(x)) ≤ φ(x∗x), x ∈M}
For an element τ ∈ P
1
2
φ (M), we define a contractive operator T defined by
(3) Txζφ = τ(x)ζφ
for all x ∈M. It is clear that P
1
2
φ (M) is a convex set as convex combination of two
contractive operator on Hφ is also contractive. A natural topology on this convex
is the relative topology i.e. we say a net τα → τ converges in P
1
2
φ (M) if Tα → T in
strong operator topology.
We also have a unique dual element τ ′ ∈ P
1
2
φ (M
′) satisfying
(4) < y′ζφ, τ(x)ζφ >=< τ
′(y′)ζφ, xζφ >
for all x ∈ M, y′ ∈ M′. We also denote by T ′ the contractive operator on Hφ
defined by
T ′y′ζφ = τ
′(y′)ζφ
Note by adjoin relation (4) above T ′ is the Hilbert space adjoint map of T and thus
a contraction as well. Thus τ ′ ∈ P
1
2
φ (M
′) if and only if τ ∈ P
1
2
φ (M).
Our main mathematical result says the following:
Theorem 1.1. Let (Hφ, πφ(M),Jφ,∆φ,Pφ, ζφ) be the standard form associated
with a faithful normal state φ on von-Neumann algebra M. We identify M with
πφ(M) in the following. Let (τn : n ≥ 1) be a sequence of elements in P
1
2
φ (M)
and T ′n be the sequence of contractive operator associated with the dual sequence of
elements (τ ′n : n ≥ 1) in P
1
2
φ (M
′). Then
(5) ||ψτn − ψτm|| → 0
as m,n → ∞ in M∗ for any ψ ∈ M∗ if ||[T ′n − T
′
m]f || → 0 as m,n → ∞ for all
f ∈ Hφ. Furthermore if ||[Tn − Tm]f || → 0 as m,n→∞ for all f ∈ Hφ then there
exists an element τ ∈ P
1
2
φ (M) such that
(6) ||ψτn − ψτ || → 0
as n → ∞ in M∗ for any ψ ∈ M∗. Conversely the first part of the statement is
also true if the modular group commutes with each τn on M.
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Duality argument used here is not entirely new and can be traced back to E.C.
Lance work (Theorem 3.1 (iv) in [La]) where τ is an automorphism. However
Lance’s analysis uses dual of an automorphism is also an automorphism and thus
made it possible to use Kaplansky’s density theorem to conclude (2). Thus the
real merit of our method here is it’s simplicity and it’s generality. In general the
converse statement of Theorem 1.1 without commuting property with modular
group is false [Mo3]. For individual ergodic theorem in non commutative frame
work of von-Neumann algebras, we refer to [La,Ku,JXu].
The paper is organized as follows: In our next section we prove our main result
Theorem 1.1. As an application of Theorem 1.1, in section 3 we prove Birkhoff’s
mean ergodic theorem for a second countable locally compact amenable group ac-
tion G on a von-Neumann algebra M.
I thank Rainer Nagel for drawing my attention to the paper [Ku] and Q. Xu for
drawing my attention to the paper [La]. I also thank anonymous referee for helpful
comments which made it possible to re-organize the paper to it’s present form.
2. Mean ergodic theorem for completely positive map:
A positive map τ : M → M is called normal if l.u.b.τ(xα) = τ(l.u.b.xα) for
any increasing net xα ∈ M+ bounded from above where l.u.b. is the least upper
bound. Let φ be a faithful normal τ -invariant (sub-invariant) state on M i.e.
φ(τ(x)) = φ(x) ( φ(τ(x)) ≤ φ(x) ) for all x ∈ M+. The result that follows in
this section has a ready generalization to a faithful weight [Tak] which we avoid
as it makes very little qualitative improvement of our results once we incorporate
Radon-Nykodym theorem for weights. One interesting observation here that once
we know a positive map τ admits a faithful normal invariant or sub-invariant state,
then τ is automatically normal [AC]. We start with a non-commutative counter
part of E. Nelson’s theorem [Ne] on commutative von-Neumann algebra.
Lemma 2.1. Let φ be a faithful normal state on M which we identify with stan-
dard representation πφ(M) where (Hφ, πφ, ζφ) is the GNS space associated with φ,
φ(x) =< ζφ, πφ(x)ζφ > and ζφ is a cyclic and separating unit vector for πφ(M) in
Hφ. Let τ ∈ P
1
2
φ (M). Then there exists a positive map τ
′ : πφ(M)′ → πφ(M)′ so
that
(7) < τ ′(y′)ζφ, xζφ >=< y
′ζφ, τ(x)ζφ >
for all x ∈ πφ(M) and y′ ∈ πφ(M)′ and τ ′ ∈ P
1
2
φ (M
′). Further for two such
positive map τ1 and τ2 we have
(8)
|ψy′
1
,y′
2
(τ1(x)− τ2(x))| ≤ ||(τ
′
1− τ
′
2)((y
′
2)
∗y′1)ζφ||||xζφ|| ≤ ||(τ
′
1− τ
′
2)((y
′
2)
∗y′1)ζφ|| ||x||
where ψy′
1
,y′
2
(x) =< y′1ζφ, xy
′
2ζφ >.
Proof. First part of the statement is not new and details have been worked
out in Chapter 8 in [OP] which followed closely [AC]. Existence part is a standard
result proved by a simple application of Dixmier’s fundamental lemma [Di] which
a normal state ψ satisfying ψ ≤ λφ onM+ for some λ > 0 admits a representation
ψ(x) =< y′ζφ, xζφ > where y
′ is non-negative element in the commutant πφ(M)′ of
πφ(M) and such an element is unique. For any non-negative element y′ ∈ πφ(M)′
we consider non-negative normal functional ψy′(x) =< y
′ζφ, τ(x)ζφ > and check
that ψy′ ≤ ||y′||φ and thus by Dixmier’s lemma we get an unique non-negative
element τ ′(y′) ∈ πφ(M)′ so that (7) is satisfied. We can extend now the definition
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of τ ′(y′) for an arbitrary self adjoint element by linearity using the decomposition
y′ = y′+ − y
′
− with y
′
+y
′
− = 0. For an arbitrary element y we use πφ(M)
′ =
πφ(M)′h + iπφ(M)
′
h, πφ(M)
′ being a ∗-algebra. It is simple to check that (7) hold
for any y′ ∈ πφ(M)
′, x ∈ πφ(M).
That τ ′ takes non-negative element of M′ to non-negative elements follows by
our construction and also note that τ ′(I) ≤ I since φ(τ(x)) ≤ φ(x) for all x ∈ M+
i.e. φ(τ ′(I)x) ≤ φ(x) for some τ ′(I) ∈ M′. Since ζφ is cyclic for M and we have
< xζφ, (I − τ ′(I))xζφ >≥ 0 for all x ∈ M, we conclude τ ′(I) ≤ I. Similarly
φ(τ ′(x)) ≤ φ(x) for x ∈ M+ since τ(I) ≤ I. The vector state y′ →< ζφ, y′ζφ >
being normal faithful onM′, invariant or more generally sub-invariant property for
τ ′ will ensure normal property of τ ′ from normality of the vector state.
The inequality (8) is fairly obvious by Cauchy-Schwarz inequality.
Proof. (Theorem 1.1) We use the inequality (8) given in Lemma 2.1 and our
hypothesis on τn to prove that |||ψy′
1
,y′
2
(τn− τm)|| ≤ ||(τ
′
n− τ
′
m)((y
′
2)
∗y′1)ζφ|| → 0 as
m,n→∞ for all y′1, y
′
2 ∈M
′. Since the set of normal states {ψy′
1
,y′
2
: y′1, y
′
2 ∈M
′}
are total in M∗, by standard 3ǫ argument, we get (5).
For the second part of the statement we follow here [Fr] and apply compactness
property for the bounded net τn(x) as ||τn(x)|| ≤ ||x|| to claim that it has unique
limit point. Let x1∞, x
2
∞ be two such limit points. If so then x
1
∞ζφ = x
2
∞ζφ as
τn(x)ζφ → Txζφ in strong operator topology, where T is strong operator limit of
Tn. Now by separating property of ζφ for M, we conclude that x1∞ = x
2
∞. Limit
point being unique we conclude that τn(x)→ x∞ for some x∞ in weak∗ topology.
It is now a routine work to check that the map x → τ(x) = x∞ is a positive map
with φ◦τ ≤ φ onM+ and τ(I) ≤ I. Thus τ is also normal. We claim that τ ∈ P
1
2
φ .
We compute the following simple steps with x ∈M and y′ ∈ M′:
| < y′ζφ, τ(x)ζφ > |
= limn→∞| < y
′ζφ, τn(x)ζφ > |
≤ ||y′ζφ|||supn≥1||τn(x)ζφ||
≤ ||y′ζφ|| ||xζφ||
This shows τ ∈ P
1
2
φ . That τ satisfies (6) follows by (8) now as T
′
n → T
′ in strong
operator topology.
We need to prove the converse part of the first part of the statement which is
not so immediate. We write the following identity:
||∆
1
4 τ(x)ζφ ||
2
=< τ(x)ζφ,∆
1
2 τ(x)ζφ >
=< τ(x)ζφ,J τ(x
∗)J ζφ >
=< xζφ, τ
′(J τ(x∗)J )ζφ >
= < J xJ ζφ, τ˜ τ(x∗))ζφ >
=< J xJ ζφ, τ˜ τ(x
∗)ζφ >
where τ˜ (x) = J τ ′(J xJ )J for x ∈M. Similarly
||∆
1
4 (τα − τ)(x)ζφ||
2
=< J xJ ζφ, (τ˜α − τ˜ ) ◦ (τα − τ)(x
∗)ζφ >
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≤ ||ψx ◦ (τ˜α − τ˜ ) ◦ (τα − τ)(x
∗)||||xζφ||
≤ 2||x||2||ψx ◦ (τ˜α − τ˜ )||
where ψx(y) =< J xJ ζφ, yζφ >, a normal functional on M. This shows if ||ψ ◦
(τ˜α − τ˜ )|| → 0 for all normal functional, then ∆
1
4 τα(x)ζφ → ∆
1
4 τ(x)ζφ . So far
we did not use our hypothesis that each τα commutes with modular group σt on
M. By restricting to analytic elements x of the form xδ =
∫
IR
σt(x)dµδ , where
µδ is the Gaussian probability measure on IR with variance δ > 0, we check using
commuting property with each τα that τα(xδ) is also an analytic element for σt and
thus ∆
1
4 τα(xδ)ζφ = τα(σ− i
4
(xδ))ζφ same is also true for τ as it also commutes with
modular group (σt) being weak
∗ limit of commuting elements τα. Thus ||Tαf −
Tf || → 0 for f ∈ H0 = {xδζφ : x ∈M, δ > 0}.
Since xδ → x in weak
∗ topology as δ → 0 [BR,Proposition 2.5.22], we get H0 is
dense ( for any g ∈ H⊥0 we have < f, xδζφ >= 0 and since xδ → x in weak operator
topology, we get < f, xζφ >= 0. But ζφ is cyclic for M and so g = 0. ). Thus
Tαf → Tf strongly for all f on a dense subspace of H and so does for all f ∈ H
since the family of bounded operators involved in the limit are uniformly bounded,
all are being contraction.
Lemma 2.2. Let (M, τ, φ) be as in Lemma 2.1 i.e. τ ∈ P
1
2
φ (M). The map
T : xζφ → τ(x)ζφ has a unique contractive extension on Hφ and
(9) sn(T ) =
1
n
∑
0≤k≤n−1
T k → P
in strong operator topology where P is the projection on the closed subspace {f :
Tf = f}.
Proof. Since τ ∈ P
1
2 , T is a contraction on Hφ and the relation (9) is von-
Neumann mean ergodic theorem [Ha] for contraction.
Theorem 2.3. Let τ ∈ P
1
2
φ (M). Then
sn =
1
n
∑
0≤k≤n−1
τk ∈ CP
1
2
φ (M)
and
(10) ||ψ ◦ sn − ψ ◦ E|| → 0
as n → ∞ for any ψ ∈ M∗ where E :M→ N is a positive map with range equal
to N = {x ∈M : τ(x) = x} and E ∈ P
1
2
φ (M). Further
(a) Pxζφ = E(x)ζφ and P is equal to the closed space generated by {xζφ : x ∈ N}.
(b) N is a von-Neumann algebra if and only if E is unital ( so τ is unital ) satisfying
bi-module property
(11) yE(x)z = E(yxz)
for all y, z ∈ N and x ∈ M.
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Proof. By symmetry of the argument used we also get sn(T
′) → P in strong
operator topology, where T ′ is the Hilbert space adjoint map of T . Since sn(T )→ P
in strong operator topology and sn(T
′) → P in strong operator topology, there
exists E ∈ P
1
2
φ (M) satisfying ||ψ ◦ sn − ψ ◦ E|| → 0 in M∗ for all ψ ∈ M∗ by
Theorem 1.1.
Since nsn(τ(x)) = nτ(sn(x)) = (n+1)sn+1(x)−x, we get E(τ(x)) = τ(E(x)) =
E(x) for all x ∈ M. This shows E(x) ∈ N and E2 = E. That Pxζφ =
w-limn→∞sn(T )xζφ = w-limsn(x)ζφ = E(x)ζφ. Now we fix a vector f so that
Pf = f and < f, xζφ >= 0 for all x ∈ N . Then for any x ∈ M we have
< f, xζφ >=< Pf, xζφ >=< f, Pxζφ >=< f,E(x)ζφ >= 0. Thus f = 0 since
ζφ is cyclic for M. This completes the proof of (a).
We are left to prove (b). Bi-module property of E follows from a general result
[CE] provided N is also a von-Neumann sub-algebra. Here we give a direct proof as
follows. By our assumption that N is a von-Neumann algebra we have E(I) = I.
For bi-module property, it is enough if we show E(x)z = E(x)z for all x ∈ M
and z ∈ N . By separating property of ζφ for N , it is enough to verify following
equalities:
< y∗ζφ, E(zx)ζφ >=< y
∗ζφ, P zxζφ >
=< Py∗ζφ, zxζφ >=< z
∗y∗ζφ, xζφ >
(since z∗y∗ ∈ N being an algebra)
=< Pz∗y∗ζφ, xζφ >=< z
∗y∗ζφ, Pxζφ >
=< y∗ζφ, zE(x)ζφ >
This shows zE(x) = E(zx) for all z ∈ N and x ∈M. We get the requited property
by taking conjugate as N ,M are ∗-closed.
Conversely bi-module property shows that N is a ∗-algebra. Since τ is a normal
map, N is either 0 or a non-degenerate von-Neumann algebra. Since by our as-
sumption for the converse state E is unital I ∈ N and N is a von-Neumann algebra.
We are left to show E(I) = I holds if and only if τ(I) = I. Since 0 ≤ τ(I) ≤ I we
h ave 0 ≤ τk+1(I) ≤ τk(I) ≤ I and thus 0 ≤ E(I) = w-limτk(I) ≤ τ(I) ≤ I. Thus
E(I) = I holds if and only if τ(I) = I.
We say a positive map τ on M is an element in PKS(M) if
(12) τ(x∗)τ(x) ≤ τ(x∗x)
for all x ∈M. For such a τ , we have τ(1) ∈M+ and τ(1)τ(1) ≤ τ(1) i.e. τ(1) ≤ 1.
Further for some x ∈M we have
τ(x∗)τ(x) = τ(x∗x)
if and only if
(13) τ(x∗)τ(y) = τ(x∗y)
for all y ∈M. This shows that F = {x : τ(x∗)τ(x) = τ(x∗x), τ(x)τ(x∗) = τ(xx∗)}
is C∗-sub algebra ofM and normal property of τ ensures that F is a von-Neumann
algebra if I ∈ F i.e. τ(I) is a projection.
We denote by
PKSφ (M) = {τ ∈ P
KS(M) : φ(τ(x)) ≤ φ(x), x ∈ M+}
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Kadison-Schwarz inequality (12) and sub-invariant property φτ ≤ φ on M+ says
that PKSφ (M) ⊆ P
1
2
φ (M). Whether τ ∈ P
KS
φ (M) if and only if τ
′ ∈ PKSφ (M
′)
remains unknown.
For τ ∈ PKSφ (M), we claim that N = {x ∈ M : τ(x) = x} is a ∗-sub-algebra of
M. Since x∗x = τ(x∗)τ(x) ≤ τ(x∗x) for all x ∈ N and so φ(x∗x) ≤ φ(τ(x∗x)) ≤
φ(x∗x) i.e. by faithful property of φ we have τ(x∗x) = x∗x. This shows that
τ(x∗y) = τ(x∗)τ(y) = x∗y for all x, y ∈ N . Further by (13) we have bi-module
property:
(14) τ(yxz) = yτ(x)z
for all y, z ∈ N and x ∈ M. Thus N is a von-Neumann algebra if and only if τ is
unital.
Remark 2.4. One can deduce bi-module property of E defined in Theorem
2.3 from bi-module property of τ as follows. Applying bi-module property of τ
repeatedly, we get
yτk(x)z = τk(yxz)
for all y, z ∈ N and x ∈M. Thus same bi-module property holds for sn and so for
it’s weak∗ limiting map E.
A positive map τ :M→M is called n-positive if
τ ⊗ In : (x
i
j)→ (τ(x
i
j))
is also positive on Mn(M), (n × n) matrices with elements in M. τ is called
completely positive [St] if τ ⊗ In is positive for each n ≥ 1.
Lemma 2.5. Let (M, τ, φ) be as in Lemma 2.1. Then τ ′ is n−positive if and
only if τ is n−positive.
Proof. This is well known and for a proof using Tomita’s modular theory we
refer to chapter 8 in [OP]. We can avoid use of Tomita’s modular relation while
proving n-positivity of τ ′ as follows. In the following without loss of generality
we assume M is identified with it’s standard form associated with φ as in Lemma
2.1. We have already proved that τ ′ is positive in Lemma 2.1. For n positivity of
τ ′, we consider the GNS space (Hn, πn, ζn) of the faithful normal invariant state
φn = φ⊗trn onMn(M), n×nmatrices with entries inM. Now we consider the pos-
itive map τˆn : πn(Mn(M)) → πn(Mn(M)) defined by τˆn(πn((xij))) = (πn(τ(x
i
j)))
assuming τ is n−positive. We have Hn ≡ Hφ ⊗ Htrn where (Htrn , ρn,Ωn) is the
GNS representation of Mn(C) with respect to normalized trace trn. If we identify
Htrn ≡ C
n⊗Cn then ρn(Mn(C)) ≡Mn(C)⊗ In and πn(Mn(C)) ≡M⊗Mn(C)⊗ In
and πn(Mn(C))
′ ≡M′ ⊗ In ⊗Mn(C).
Thus τˆn ≡ τ ⊗ ρn. With this identification it is clear now that (τˆn)′ ≡ τ ′ ⊗ ρ′n
where ρ′n is adjoint map of ρn given by Lemma 2.1 and positive. Further τ
′⊗ ρ′n ≡
τ ′ ⊗ In via the isomorphism πn(Mn(M))′ ≡ Mn(M′). Thus positive property of
τ ′n = τ
′ ⊗ In follows from that of τn = τ ⊗ In.
Remark 2.6. It is a well known that for 2-positive map τ with τ(I) ≤ I,
Kadison-Schwarz inequality (12) holds [Ka]. Thus bi-module property (14) holds
for 2-positive unital τ . In such a case E is also unital 2−positive map satisfying bi-
module property (11). As an application of Theorem 2.3 we get a proof for Lance’s
theorem for unital 2-positive map τ .
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Theorem 2.7. Let (M, τt, t ≥ 0, φ) be a semi-group of completely positive unital
map with a faithful normal invariant state on M. Then there exists a norm one
projection E :M→N onto N so that
(15) ||ψ ◦ sλ − ψ ◦ E|| → 0
as λ→ 0 for any ψ ∈M∗ where
sλ = λ
∫
e−λtτtdt
and E is the norm one normal projection onto N = {x : τt(x) = x, t ≥ 0}.
Proof. Proof goes along the same line that of discrete time dynamics [Fr]. We
indicate here a proof leaving the details to reader. We set contractive operator
sλ(T ) = λ
∫
e−λtTtdt
on Hφ where Ttxζφ = τt(x)ζφ is the strongly continuous semi-group of contraction
on Hφ. As λ→ 0, sλ → P in strong operator topology follows along the same line
where P is the projection on the closed subspace {f : Ttf = f : t ≥ 0}. Thus we
can use strong convergence s′λ(T
′) → P ′ as λ → 0, where P ′ is the projection on
the closed subspace {f : T ′tf = f : t ≥ 0} where T
′
ty
′ζφ = τ
′
t(y
′)ζφ, y
′ ∈ M′. Once
again same argument shows that P ′ = P to conclude that ||ψy′
1
,y′
2
(sλ− sµ)|| → 0 in
M∗ as λ, µ→ 0. Once more using sequential weak∗ compactness ofM and duality
argument used in Theorem 1.1, we conclude that ||ψ ◦ sλ − ψ ◦E|| as λ→ 0 for all
ψ ∈M∗.
Remark 2.8. Let τn : M → M be a sequence of automorphisms with an
invariant normal faithful state φ in Theorem 1.1. Since modular automorphism
group of φ commutes with an automorphism preserving φ, dual maps τ ′n are also
automorphisms. Thus by theorem 1.1 for all ψ ∈ M∗ we have
||ψτn − ψτ || → 0
for some automorphism τ on M if and only if unitary operators un → u in strong
operator topology where unxζφ = τ
−1
n (x)ζφ and uxζφ = τ
−1(x)ζφ. Since un → u
in strong operator topology if and only if u∗n → u
∗ in strong operator topology, we
can as replace the criteria with τn instead it’s inverse (all elements being unitary
un →strong−op u is equivalent to un →weak−op u). Further we now specialize
M = L∞(Ω,F , µ) i.e. is a commutative von-Neumann algebra and τn(f) = f ◦ γn
for some probability measure µ preserving one to one and onto map bi-measurable
maps γn : Ω→ Ω modulo µ null set. Theorem 1.1 says that for some µ preserving
bi-measurable one -one and onto map γ : Ω→ Ω we have
||ψ ◦ γn − ψ ◦ γ||1 → 0
for all ψ ∈ L1(Ω,F , µ) if and only if
||f ◦ γn − f ◦ γ||2 → 0
for all f ∈ L2(Ω,F , dµ).
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3. Birkhoff’s ergodic theorem for amenable group:
A locally compact group G is called amenable if for any compact K ⊂ G and δ > 0
there exists a compact subset F ⊂ G so that |F∆KF | < δ|F | where we use |.| to
denote the left Haar measure on G. Such a set F is called (K, δ)−invariant. An
infinite sequence F1, F2, ... of compact subsets of G will be called Følner sequence
if for every compact K and δ > 0, Fn is (K, δ)-invariant for all n ≥ N(K, δ), where
N(K, δ) is an integer depending on K and δ.
Let G be a locally compact second countable amenable group acting from left
bi-measurably on a probability space (X,F , µ) such that
µ ◦ g−1(E) = µ(E)
for all g ∈ G and E ∈ F . For an element f ∈ L1(x,B, µ), we set s(F, f) to denote
the average
s(F, f)(x) =
1
|F |
∫
F
f(gx)dm(g)
where dm is a left-invariant Haar-measure on G.
A basic problem in ergodic theory is to make a wise choice for a Følner sequence
so that
s(Fn, f)→ f¯(x) a.e.
and also in norm topology of L1(X,B, µ) as n → ∞ where f¯(x) = E(f |Fe)(x) is
the conditional expectation f on the σ-field of G-invariant sets i.e.
Fe = {E : µ(E∆g
−1(E)) = 0, ∀g ∈ G}
A. Shulman [Sh] introduced in his thesis such an useful concept to prove an L2-
version of ergodic theorem [Sh] which played a key role in Lindenstrauss L1 version
of ergodic theorem [Lin]. We briefly recall [Sh] that a Følner sequence {Fn : n ≥ 1}
of compact subsets of G is called tempered if there exists a constant C > 0 such
that
|
⋃
k<n
F−1k Fn| < C|Fn|
for all n ≥ 1. Lindenstrauss [Lin] also proved that there exists a sub-sequence of a
Følner sequence which satisfies A. Shulman’s tempered condition.
A. Shulman [Sh] proved that for each f ∈ L2(X,B, µ)
s(Fn, f)→ f¯
in L2 whenever Fn is a tempered Følner sequence. In the following we put his result
in an abstract set up.
Theorem 3.1 (Sh). Let G be a second countable locally compact amenable group
and Fn be a tempered Følner sequence for G. Let g → ug be a unitary representation
on a Hilbert space H so that the map g →< f, ugh > be continuous for any two
elements f, h ∈ H. Then
(16) s(Fn, f)→ Pf
in strong operator topology as n → ∞ where P is the projection on the closed
subspace {f : ugf = f, ∀g ∈ G} and
s(F, f) =
1
|F |
∫
F
ugfdm(g)
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Proof. It goes along the same line [Sh] once we notice his proof does not require
to use explicit form of the group action on the Hilbert space L2(X,B, µ). We skip
the details.
Theorem 3.2. Let G,Fn be as in Theorem 3.1. Let g → αg be a group of ∗-
automorphism on M such that g → ψ(αg(x)) is a measurable function for each
x ∈ M and ψ ∈ M∗ and φ be a faithful normal invariant state for αg. Then for
any ψ ∈ M∗
||ψ ◦ s(Fn)− ψ ◦ E|| → 0
as n→∞ where
sn(x) =
1
|Fn|
∫
Fn
αg(x)dm(g)
is a sequence of unital completely positive map and E is the normal norm one
projection from M to
N = {x ∈ M : αg(x) = x}
Proof. We set unitary representation g → ug : xζφ = αg(x)ζφ, x ∈ M and
set as before s(Fn, f) =
1
|Fn|
∫
Fn
ugfdm(g) for f ∈ [Mζφ]. By Theorem 3.1 we
have s(Fn, f) → Pf in strongly for all f ∈ Hφ where P is the projection on
invariant vectors {f ∈ Hφ : ugf = f : g ∈ G}. Further sn(x) → E(x) in
weak∗ topology by weak∗ compactness of the unit ball to some element E(x) and
faithfulness of the normal state φ. So in particular we have E(x)ζφ ∈ P (Hφ) and
thus E(x)ζφ = αg(E(x))ζφ for all g ∈ G. This shows that E(x) ∈ N by separating
property of ζφ where N = {x : αg(x) = x; g ∈ G}.
We claim that P is the close span of the vectors in {xζφ : x ∈ N}. One way
inclusion is trivial. For the reverse direction, let f be an element such that ugf = f
for all g ∈ G and orthogonal to {xζφ : x ∈ N}. Then < f,E(x)ζφ >= 0 for
all x ∈ M. However we also have < f,E(x)ζφ >= limn→∞ < f, sn(x)ζφ >=
limn→∞ < s(F
−1
n , f), xζφ >=< f, xζφ > since ugf = f for all g ∈ G where F
−1 =
{g ∈ G : g−1 ∈ F}. ζφ being cyclic for M, we conclude that f = 0. This shows
claimed equality of subspaces.
Now by Theorem 1.1 applied to sequence of maps x → sn(x), which is a com-
pletely positive unital map on M, to conclude
||ψy′
1
,y′
2
◦ sn − ψy′
1
,y′
2
◦ sm|| ≤ ||(s
′
n − s
′
m)((y
′
1)
∗y′2)ζφ|| → 0
as m,n→∞ as s′(Fn, f)→ Pf in strongly by Theorem 3.1 where
s′(Fn, f) =
1
|Fn|
∫
ug−1fdm(g)
for f ∈ Hφ. Thus the result follows along the same line of Theorem 1.1 since the
set {ψy′
1
,y′
2
: y′1, y
′
2 ∈ M
′} is total in M∗ in the Banach space topology.
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